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Preliminaries

In this document we use the following first-order expressions for elements of the
group SO(3):

exp (é + 5) R exp (é) exp (Jr(é)é) A exp (é) (I +5 (Jr(é)é)) (D
where is the right Jacobian of the exponential map on SO(3), see page 40 in [7],
which can be written as:

. — ) . il — sin(]|6 2
1) -1~ Lo g () 19— g )7
1611 16]1%
Another useful relation is the following:
log (exp (é) exp (5)) ~ 0+ J710)0 (2)

where the inverse of the right Jacobian can be written explicitely as:
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Note that the Jacobian and its inverse reduce to the identity matrix for 6=0
(linearization around the identity).




1 Computation of the preintegrated measurements

1.1 Rotation

First-order approximation of the preintegrated rotation measurements as a func-
tion of the rotational bias:
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Ideally, the term Y " R’JrllJ’At would be recalculated every time the lin-
earization point changes but Lupton et al. suggest keeping it constant for
efficiency.

When building the preintegrated measurements, we have the measured ro-
tation rate w; and current estimate of the bias Bw, therefore, in the previous
derivation, the linearization point of each rotation matrix is

R;—i-l = exp (((sz — l;w) Atj) .
and
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Later, as the bias changes, we do not recompute each I%; 41, instead we
recompute the preintegrated measurements using the first-order approximation



in (3).
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1.2 Velocity

First-order approximation of the preintegrated velocity measurements as a func-
tion of the rotational and translational biases.

The accumulation of the velocity pseudo-measurement, of which we want
the first-order approximation, is

AVl = ZR% (ZL] -

Splitting b, into its linearization point b, and its increment Ea, this is
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Substituting in the first-order approximation (3) for the relative rotation R},
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We derive recursive formulas for the constant term Ao, 11 and Jacobians
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1.3 Position

First-order approximation of the preintegrated position measurements as a func-
tion of the rotational and translational biases.
The accumulation of the position pseudo-measurement, of which we want

the first-order approximation, is

m
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Splitting b, into its linearization point b, and its increment by, this is
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Substituting the first-order approximation of Avyj, and of the rotation R},
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Expanding R}C (Zyu), we have

Dropping second-order terms,
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recalling that for vectors a and b it holds S(a)b = —S(b)a:
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rearranging the terms:
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We derive recursive formulas for the constant term Aps,,+; and Jacobians
OAP1m41/0by, and OAp1m11/0ba,
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Some final comments:



1. the number of measurements we are integrating is m (starting from pose
1 and integrating over m intervals we reach pose m + 1)

2. All the previous expressions use the following initial conditions: R} =
I, Apy; = 0, and Awvy; = 0. Similar initial conditions hold for the
corresponding “hat” quantities.

3. Similarly, for the Jacobian, one has to consider the following initial con-
ditions: 8A’011/8bw = O7 8Avn/8ba = 0, 8R%/6bw = O, 6AU11/8bw = 0,
5‘Av11/6‘ba = O

2 Factor Modelling and Jacobian

In the previuos section we showed how to summarize m measurements so to
produce a single relative measurement (position, velocity, rotation) between
frame 1 and frame N. We now tailor the formulation to the case in which the
measurements are integrated between two consecutive robot poses, namely, ¢ and
j. Therefore, we rename the measurements as follows, dropping the dependence
on the number of integrated measurements (N — 1):

Apij = A]91m+1
sz‘j = Ap1m+1
R;' = R11n+1

We start writing the most general expression for the IMU factors:
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The following sections derive the expressions of the Jacobians, considering
different models (sorted by increasing complexity) in which we consider different
sets of assumptions (e.g., null bias, or negligible Coriolis).

2.1 Model 1: neglecting biases and Coriolis effect
Assumptions:

1. Ry =1

2. by =0and b, =0

L; _
3. Wi, =0



4. known initial conditions (g%, py®, vy

Lo Lo

 Rg?)

We first recall the simplified expressions for the factors:

fp
fo
fr
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Then we proceed in the linearization of the factors.

2.1.1 Position
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2.1.2 Velocity
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where

N -1 .
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or = [5]31 691 (5’01 “ee 5p¢ 591 51}1‘ §pj 50] 5Uj]T

2.2 Model 2: neglecting Coriolis effect

Assumptions:
1. Ry =1
2. wji =0

3. known initial conditions (g, péo, 11([)’0, Rgo)

We first recall the simplified expressions for the factors, approximating a first-
order dependence of
the preintegrated measurements on the biases:
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Then we proceed in the linearization of the factors.

2.2.1 Position

(9 Api 7
0b,,
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It still remain to linearize the terms that depend on the biases (since they also
depend nonlinearly on the rotation matrix Rf ). For this purpose we rewrite
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2.2.2 Velocity
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It still remain to linearize the terms that depend on the biases (since they also
depend nonlinearly on the rotation matrix RiL ). For this purpose we rewrite

b, = by, + 6b,, and by = by + 6b,.
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2.2.3 Rotation
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with

. . 8R’ 6RZ
RBC = R;- exp b

0 = —2p,

b, BIAS = b,
In the previous expression we used the small angle approximations for small
(error) rotations and we applyed equation (1) for the first order approximation
of the exponential map containing biases. Developing the expression we obtian:

fn o~ (1 _s ( (eB,AS)gf )) =L (I-S(66;)) (Rfi)fl (Rfi (I1+8S (5@))) _
ORI
- (I - <J 95119 2 ))
(é;g (RE)" R~ Rpbs o0 (RE) T RE 4 Rk (RF) REs (59])) _
OR: _
= (I -5 (JT(GBIAS) 8b: 5bw>>
(AR - Rt (R REs (((Rf )71 Afi)_laez> +fRS(50])) -
— (I -8 (Jr(emw abf 6%)) (fa ~ frS (((Rfi)l i >_1 5@) + frS (69»)
where

o= Rt (RE) T R

Further developing the expression we have:

( s (&(93“3)%(5@)) (fR ~ frS <((Rfi)1 RL> 5@-) + frS (69») =

(((Rfi)l ) 6@) + uS (00)) - 8 (ergc)Zf? &L) =

= Jn [I— s (((Rff)_lRfi)l(sei) +8(30;) — fg's ( +(Op1a5) f)f ) 1
fn [I—s (((Rff’)_l Aji)léez) +5(805) - (fR +(On145) ab' o )]

from which we obtain the desired Jacobians
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L\ ! AL - OR}
Jno= 0 —(RF) R0 0 —fF @)z 0 T 0]

Sx = [Opi 60; 5v;  Obai Obui op; 66; ov;]"
2.3 Model 3: complete model with no body-sensor mis-
alignment
Assumptions:
1. Ry =1
Lo , L

2. known initial conditions (g%, py°, vp”®, Rg %)

We first recall the expressions for the factors, approximating a first-order de-
pendence of the preintegrated measurements on the biases:

‘ 1
fo = 0 —pl = RIApi; — vl Al - (29“ - S(Ldfi)@?) At?
fo = ijj - vlL — RiLiAvij — (gLi — QS(szL)vZL) At
-1 ; — . -1 i . i i .
fr = (Rf%prqﬁ) R]LJ = (expAg) ™" (Rf) RJ-LJ, with A¢ = log(R}) — LiwiLLliAt

Then we proceed in the linearization of the factors.

2.3.1 Position

3

L o5 oL | 1, N
fo = py —pi* = R Apy — v At — (29Lls(wiLlf7‘,)v'LL> At®

_ L; Li _ pL; ~ aApij~ 8Apij~ _ . Li
= p;’ —p" — R, <Apu+ Db by, + o, ) T At

1
- (5o - ekl ) ar

Let us linearize the previous expression:
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R I R = A Ry
g AR+ (S(wly ) A —TAL) (88 + ov;)
= p’ + RI6R;p; — i’ — RF'GRiop;
Ot IS, OoR gy, 4 200 )
9" AL + (S(wh )AL - IAt) (o8 +ovi)
Py’ + RE (L+S(80,)) 6p; — b7 — R (I1+S(66;)) op;

aApZJ i aAp’LJ i aApZJ aAp”
b, b, o, ba + ab, oby, + b, 6bq

—R{”(;RZ (Aﬁ” +

%

—RE (1 +8(36))) <Aﬁij
_1 Li 2 Lq', 2 _ oy o .
59O+ (Sl A —1at) (o + dv:)

Dropping second-order terms:

O0Ap;; 2 - OAp;; 2 - 0Ap;; 5 & O0Ap;; 57 )

N AL AL N » AL "
~ Pl RUop, — b — REsp, — RE ( Apy;
fp p] + J Dj b; i OP ) < pJ+ ab 3[) 6w ab

_Rfis((mi) (Aﬁij OAp;; 2 b, + OAp;; 2 b ) gL'i A2 + (S(wiLLii)AtQ _ IAt) (ﬁle + 51&_)

0b,, 0b,,
8Apij Z 8Ap” by
b, * by

-1 OAD;; o~ .\ OAD;;
_ L J _ pL: J
R, b, 0b, — R; o, Ob,

) A A
+RES (Aﬁij + aa pigj 49 abp”b ) 80; — gL AR + (S(wiLLii)AtQ - IAt) (UL + 5%)

Rearranging the terms we obtain:

~L; Ny AT R aApl i aApz 1, R
N Li _ sLi _ pLi 3 J j Li A2 2 L;
fo = <pj pr — R (Apzj + g b+ 5y b > S9AL + (S(wfz)ae —1at) (2] )>

+Jpox
with
Jp o= [=REJp[Si)AR —1AY —RE2GP: RS RE 0 ]
or = [5[)7 (502 5’02’ (Sbm §bwz 5pj §6j 5Uj]T
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and Jf, = RS (Apy + 2522 b, + 25228,).
2.3.2 Velocity

fo = v ol = REAvy - (g% - 28(l, ol ) At

?

o L; . Li _ pL; A 8Avij~ aAl}ij~ _ L _ L, L,
= v —v;" - R; <Avw + ah, by, + o, b (g 2S(w;7, )v; ) At

Let us linearize the previous expression:

fo = +(5v7—v | — v,
0Aw;; 2 8Av”¢ 0Av;; ~ 0Av;; ~
—RLisR. | Av; + ij i ij i
R; 6Rl< Vij + b, bes o, by + Oh, ob,, + o, 0bq

—gEi AL+ 2S(w )At( +(5vi)

%
<

8szj£ aA’Uiji 6Av¢j ~ 6Avij ~
a0, b an, by + ab, oby, + an, b,
—gb At +28(wh )At( +5vi)

dropping second-order terms

Jo

Q

!+ v, — U — 0,

. 0Av;; 2 0Av;; 2 0Av;; ~ O0Av;; ~
L. “ ij ij ij ij
—R7 | Ay, b ba oby, ob,,
R; ( Vit e, e o, T o, O o, >

7R;;Lis(50i) (A@ij n 0Awv;; gw n 0Awv;; Za)

Oby, 0b,
—g" At + 28(wl At (@ff‘ + 501-)
= @J.Lj—i—dvj—@fj—évi
0Av;; > 0Av;; 2
_pLi L) )
R (Avw ab, by, + b, ba>
0Av; 0Av;
_ pL; ij _ pL; 5]
R an, 6b, R b, 6bq
- 0Av;; 2 0Av;; 2
L; D i Y )
+R;"S (Avw + b b, + b, ba) 00;

—g" A+ 28(wly ) At (0] + 6v;)
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Rearranging the terms we obtain:

~ AL _ ~Lj _ pL; . aAUij:' aA’UU2
fo = (vj v; R; (Av”-i- b, b, + b, b g At+25( )At( ) 1 J, 0

with

J, = 0 7% [I+2S( )At} L e TR (N |

or = [(5]31 591 5%’ 5baz 6bwz 5pj 60] 6UJ]T

and Jj, = RES (Mg + 2500h, + 2505, ).

2.3.3 Rotation

fr = (exp (log(R ) — R, sz At>>_1 (RiLi)_l Rfj

X —1
Ny OR: - - 1o,

Let us linearize the previous expression:

. -1
Ny OR: = OR: . -1
exp (log <R; exp <8bj b, + 5 Y >> - (RfiéRi) wlLLlAt>>

-1
FOR)  REGR,

(
(exp <l0g (IA%BC exp (J,. (OBras) (gR; §b >>> — (]A%iLi(SRz)il wiLL"'iAt>>1
( IR,

fr

Q

where we used (1) and we introduced:
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. [oRi: OR: -
Rpc = R} exp an, Opras = log an, b,

We continue the linearization by using (2):

, -1
R OR: - . —1
(ezp <l0g (RBC exp <JT (OBras) <%]5bw>>> — (RiLiéRO wiLL"'iAt>>

SR)) REoR, ~

. —1
oORY: . R -1
<ea:p <eBC + T (0pc) Jy (0p1as) (m)fabw) - (RfiéRi) wfgiAt»

i)fl RYSR;

%

IR

Q

with (BC = bias corrected measurement)

Opc = log (RBC)

Taking small angle approximations

<e:np (eBc+J: (65¢) Jr (B5145) (gbw ) s(36.)) (RY )_lwiLLiiAt>)

(T—8(60) (RF) ™ RE (14 (56,

—1

Q

fr

-1
N -1
Wi At +S(66;) (Rfi) W At))

N~—
[un

OR N
<e:cp (030 + J " (0Bc) Jr (0B14S) i 8b ) RiLl

)
ob.,
)

(5
(I—S(66,)) ( ) Li (1 + S(66;
<emp (930 + 07 (08c) Jr (OB145) (gbj 5 ) (RE) ok a-s ((Rfi)fl wfgiAt> 591.))
(T80 (RF) ™ RE (1+8(56))

Applying again(1) to the exponential map
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—1

Q

OR: AN
fr <e:vp (Occ) exp <JT (Oscc) J7t (05¢) Jr (05145) <Wjébw) — J. (05cc) S ((Rfl) Wl At) 5ei))

(1= S(0)) (RF)  RY* (T+5(6))

_ OR! Nl L -
(exp (@gce) [I+S (Jr (Occ) J; (0sc) Jr (0B1as) (86 J (5bw)—Jr (6Bcc) S ((Rfl) wiLL’iAt) (59,—)})

(I —S(86:)) (RZL) R]Ll (I+S(865)) (small angle approzimation)

with (BCC = bias and Coriolis corrected measurement)
AL L
Opce = cap <03C - (Ri ) w! L:At)
Let us define

Rpoc = exp (fpcc) fr= (ﬁgoc)_l (Rfi)_l RY

Then we continue our derivation dropping higher order terms
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Q

7

—1 -(RL,L

0b.,

) () s

i

ENTA

_ OR
Jr (0scc) Jo ' (0sc) Jr (BB1as) <8b w

i {1 s (((Rfi)l Rf'i>_1 5ei> + S(69j)]
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